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Hepidqym: v mapovoo Swrpipry mopovcidletar éva mAaicw yio T depedivnon
PaVOLEVOV Suvapkng aoTdbelag To. omola evoéyeton va ekdNAmBovV KaTd T Agitovpyia
molov o mepdilov vymhdv toyeiov kopatiopdv. To mlaicio avtod Paciletar ot
Aayxpaviiovi ovvekticoTnro—ma VALY evvoldy kot ueboédmv mov ATTOCKOTOVY GTOV
EVIOTIGRO GVVOLDY AMDGEMY T0L OTOT0L, OVOPOPTKE LE CUYKEKPIUEVES APXES GUVEKTIKOTNTAC,
yopakmpilovroar and ovveknik ovumepipopd. To evdupépov pag yio Tov EVIOTONO
GUVEKTIKGV GUVOADY ADGEDY TPOKDTTEL 0d TNV EYYEVT IKAVOTITE TOVG VO, OTOTUTDVOLY
OMOTEAESUATIKG T0, OVGLOSM, MEMEPOCUEVOD YPOVOD YOPAKTNPLOTIKA TOV VTOKEILEVOL
Svvaptkod cvoTipatog. Lo tpofAfpata mov e&eTdlovTal, To SUVALIKO CUGTNUO, amotelel
10 HAOMUOTIKO HOVIELO IOV OVATAPEYEL TOWOTIKE, TG KIVAGELG TAOIMV TOV EMYEPOVY OE
xopoTiopods.  Eeodwiopévor pe to epyadeion g Aaykpaviiavig OCUVEKTIKOTNTAC,
EMIKEVIPOVOLOOTE OTNV avaAven 890 alAnAévdeTay kat duvntikd entcivéuvey gowo LEVOV,
YVOGTS e Toug Opovg surf-riding ko1 broaching-to. Ta @avopevo, avtd oyetiloval pe TG
KIVRGEI TAOT®V 08 TEPLBAALOV OTOTOU®MY TPUUVOIGV KOHLATICHOV Kol umopei va odnynoovy
oTIV AVETVEN OUOVTIKNG £YKApoLag KAIoTG 1) akOun Kol OE avaTpornh. e avdTEPO ETMINEDO,
n mapovoa SwrpPr opyavdvetar og ddo wdpw pépn. To mpdro EMIKEVTPDOVETAL OTN
Aaykpav{iovT] GUVEKTIKOTNTA, EVO TO SHTEPO GTN SUVAULKT TAV KIVIGEDY mholov, OTMG
onTh ppuNVEDETOL péca oTo Aot TG Adykpaviiovig CUVEKTIKOTNTAG KA, €VPVTEPA, TNG
Bewplog SuVApLKOV CVGTNUATOV.

Y10 TpdTO PEPOG TOpoVSELovTaL PEHOSOL TOV ATOCKOTOVY GTOV evIomicO Aaykpaviiavig
GUVEKTIKNG GOUTEPIPOPAG. L& Yevikég ypoppés, ot pébodol avteg ATOCKOTOVV GTOV
EVIOTIOUO 800 THTMY Slakekpuévey Suvapkdy avikelpéveov: daykpaviiavdv OVVEKTIKWDY
Soudv (AZA) xoi covekTikdv ovvéAwv memepacuévon xpévov (EXIIX). AvTikeipeva avtdv
1oV 500 TOTMV epgavilovtor cuVABMG o8 PUCTKES POEG—O1 OTLOLES AVOPEPOVTAL GTTV e&EMEN
ToV copatdiov evég pevotod oe va medio pofic— oe 138aTEG, ANPNUEVES POLC, Ommg
avTég IO TEptypdipovy Ty eEEMEN Weathy copomidiov mov axoiovdody Tig Mogig evog
Suvaukod cvotipatos. Ocov apopd Ty televtaic nepintmot, avtd o 1Weatd copatidw
OVOPEPOVTAL MG TuaTIOLa KaTdoTaonS, EVO 0 TEPPEALmV XDPOG—O0 0m0iog nepukheiet Oheg
T AMOES TOL SVVOUIKOD GCUGTAUOTOG—OVORALETOL YDPOS KOTOOTATEDY. Ye x60e
nepintoon, ot AXA xon to ZXITX ovriototyovy o€ GOVOLO—GCUYKEKPLUEVE, GUVOAL TPOYLDV
o0& poéc peothv 1 chvora AMoemV GE poég YDPOL KATACTACEDYV—TO, omoia Sloypdeouvy 1
ypovikh] sEEMEN OPYOVOUEVOY CYNUOTICHAY COUOTISIOV HE SUKEKPIIEVES 1010TNTEG. ZTO
TGO TNG CUYKEKPIEVIG EPYOCIAG EMIKEVIPOVOUACTE OE EQUPHOYEG TOV apopodV PoEg
xhpov KoTactdosov—eEeTalovpe, dNhadn, amorheioTikd SoVaLKA cvotApota. Tlap' dha
ovté, o TAaiow ¢ Aaykpaviiovig cuvekTikdtntag pmopel vo xpnoomoumBel v v
OVEADOT OTOWGIHTOTE POTiIG—PUCTIKNG 1 0EnTHG—ToV EnAyETal omd £va VIOKEiLEVO
Swvvopatikd medio. Avtd to Suvvopatikd medio propet va givon Swbéorpo avoALTIK 1|
apOpnTIcd, uropel va aviioTolyel o8 HOVTEAD S10pOPETIKTG TOTOTNTAG, 1| Lopel adpn Kot
VO, TPOEPYETOL OO LETPTIGELG TOV TPOIYUATIKOD KOGUOVL.

Xpnowonowdviog Opovg g Bempiag Suvapkdy CLOTNUATOY, Ol AZA opilovtar g
avallotwtec empaveiec—empdveleg Tov omotelobviol €& oAoKMpov omd AdGEIG—OL
omofec, kot TN SGpkew. £vOG SACTAUNTOG TEMEPACUEVOL YpOVO, LLEYIOTOTOO0V 1
ghooTomo10bY Tomukd, £va péoo pétpo Aaykpaviiovig EAEng, andbnong 7} drdtunone. Avt
N 1160 avadetkvosl Tov opyaveTikd podo tov AXA oc oyxfon pe Topaxeipeveg
avololoteg empdvelss. And v GAAn mhevpd, to ZZITX avrictoyovy o avarloiwTa
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otvoda mov avictavtal ot daomopd TeV ADoEmv amd Tig omoieg CUVTIOEVTAL—OVTEG
Slotnpodv  10YVPY  X@POXPOVIK CUCYETION  KATd TN Sdprer  evOg  SOGTIHATOG
nenepacpévoy ypdvou. E&etdlovtan tpeig pédodot yia Tov gvtomiond vrepfotikdy ALA—o1
Omoieq KATYOPLOTOLOVVTOL TEPOLTEP® OF EAKTIKES KO arwotikéc—ioddg kat tpelg uébodot
1100 Tov gvromopd LXIIX. Emkevipovopaote ovykekpyéva oe vreepPolikés AXA kobbg
ouTéC efvan GUECO CUOXETIOHEVEG ME TO. TPOPAfApOTA. OV gEetdlovtor oty mopovoo.
SrotpiPn. Avtifeto, péHodol Tov GTOYEVOLY OTTV AVaYVOPLON napafolikdy Kot eAAEITTIKOV
Sopdv dev cvpmeprhapPivovtar o avtiy ) pekétn. I g vrepPoiikég dopég eEetdlovpe
tov exbéty Lyapunov nemepaouévon ypovov, tov exbétn Lyapunov TEMEPATUEVOD UEYEGODGS KOl
m peraforixhi Gewpio vmepPolcdv AZA. T tovV EVIOMIGUO YXIIX eetalovpe pia
mavotikh péBodo mov Paciletar otov tedeotr perapopds (M teheothy Perron-Frobenius)
pali pe Vo npoceyyioeig mov Pacifoviar og ahydépOpovg opadomoinong Kot EUmITTOVY oTNVY
gupvtepn katyopla g pn emPAemopevng pnyavikig pddnong. H mpd amd avtég
ypnotpomnotel £vav adyopidpo acapods opadomoinong (fuzzy c-means clustering) evd 1
Sevtepn Pooiletan ot pasuatih opadomoinon. TéLog, T0 TPDOTO PEPOG OAOKANPHVETOL UE
{0, oOVTOUT EMOKOMMGT TPAKTIKAY {nmupdtov to onola oyetilovton pe v avéivon
Suvoukdv  ovomubtov  péco  peBOdwv  EVTOmMGHOY Aoyxpav{lavig  GUVEKTIKNG
OUUTEPIPOPAG. TUYKEKPLLEVOL, OVOPEPETOL O TPOTOG UE TOV o010 AVTILETOTIGTIKOY 300
OMUAVTIKEG TPOKTIKEG MPOKANGELS Ol OToieg agopotv (1) TG VYNAEG VTOAOYIOTIKEG
OOITACELG TOV LEBOS®V TOV XPNOHOTOOVVTOL GTO, mhaiota TG Tapovcas epyaciog kot (2)
™ peydn eédpmon g avaloong amd Ty omTik| embedpnomn peyéhov 6ykov dedopévav
ooV (hpo  katactdoemy. [0 TV AVIHETOMOT OLTOV TV (nnpdtov avartodape
apOunTuch epyaleio 6€ TPOYPAUUATIOTUCS HOVTERO CUDA C/C++ kot a&lomomoaue 1
SLELTOVPYIKOTNTA TOV SIETUPHY TPOYPAUUATIOUOD gpappoyd@v CUDA ka1 OpenGL (Open
Graphics Library).

To Sebtepo pépog g mapovoag dtpipic opyovdveton o€ Tpio EMUEPOVG TUNHATO. 2TO
TP@TO, SNUIOVPYODHE £V EVVOI0AOYIKS TARITLO Yol TNV avéivomn TeV Kivioemv mAoiov, 1o
onoio Paciletar ot Bewpia duvaprkdy cvotnudtmy. XT0 devtepo, epapudlovue avtd T0
m\aicto—uvomoompidpevo amd TG peBoddovg EVIOmGUOD AoyxpavClovig  GUVEKTIKNG
GUUTEPLPOPEC—YLOL TNV AVAADGT) SUVALIKGV GLOTHATOV Ta omoia ovamapdyovv eovoueva
KIVAGE®V TAOLOV G€ KOPOTIGHOVG. XT0 Tpito, A&lomotodpe TV TAnpoeopio ov amorTonKe
Katé 10 OTAd0 TG AvAADOMG, YW VO GVOTTOEOVME H10 KOWVOTOUO uébodo Yoo TNV
TOGOTIKOTOINON TNG TOAVOTNTUG EKINAMOTG TV PAVOUEVOV surf-riding kot broaching-to
oe Toyodovug Kopomopods. To evvololoyikd Thaicio mov TapOVOIAleTal EMKEVIPOVETAL G
YN ODTEVOpO SUVOUIKG, GVOTHHOTO—OVVOUIKG CUGTILATO OV gEaptdvtal pnté amd Tov
ypovo—iar aftomotel e katdAAnin dvvapiky amocivéeon Tov kabolikod avadpouixod
eAkvoTH—T00  avalloioTov ekeivov cuvolov mov EAkel dkeg mig Adogig mov EXOLV
apyrkomotnBel e poicpvodg mapeABovTIKoDg XpOVOvG. Y& mpaxTkd eminedo, ovTh M
0mOGHVOEST| OMOCKOTEL GTNY KATACKEDT HiaG GVALOYTG SlaKpiidy, duvapkd ovclocTIKOV
novddmv, ot omoieg dVvaviar Vo aVETAPGYOLY TNV ovowddn dvvapkh tov Kaboitkod
ovodpoptkod ehkvoth. Avdloyo pe TG WWOMTEG TOV VTOKEILEVOL GLOTNUOTOG, M
0mOGHVOEST] AT UIOPEt Vo EXEL YOPAKTNPLOTIKG GTEPOV 1 TETEPACUEVOL XPOVOV. XNV
tedevtode  mepintoon, kGPe dvvapucd  aveEapTnn povada amotehel évo XXIIX.
Tuvdvaloviog ovtd TO €VVOWAOYIKS TAaicio pe Ta gpyodsio g Aaykpaviiovng
GUVEKTIKOTITAG, OVOADOVUE TNV TOLOTIKT]  GUUREPLPOPE TV AMoeswv otov  YOPo
KOTAOTOOEMY SUVOUIKOV GUGTNHATAOV 70V  HOVTIEAOTOWODV TIG KIWNGELG mholov ot
ropotiopods. H npéoPact oe mAnpogopia cyeTkh e TV tomoAoyia TV ADoE@V—OanTr
OMOKOADTTETAL PECO TG avayvdplong vaepPolkdyv AZA  won YEIX—emtpéner ™
YEOUETPUC EPUMVEID TNG SUVOUIKTG TV POIVOUEVOV surf-riding xon broaching-to—o6nmg
ot ekdnAdvetal 6ToV YHPO KATACTACEDV——CE Toyeiovg KLUUTIGUOVG.




Figure 1. Results concerning the evaluation of the broaching membership function. Each
particle traces a distinct solution and is colored according to the value of the membership
function. Red color indicates particles tracing solutions that have been classified as aligning
with the broaching response pattern.

Tyapa 1. Amoteléopata VTOAOYIOHOD TNG GUVEPTNOMG GLUUETOXNG broaching. Kdbe
couotido Stpéyer dwpopetiicy Abon kol ypopatiletor avéroye pE TNV T mg

owvéptnong cuppetoyhs. To KoKKvo Ypdpo, DIOSEIKVDEL COUATIOW TOV Sratpéyovv Moelg
o1 onoieg &xovv TaEvoundei g VOVYPOHICHEVES LE TO HOTIBO ATOKPLONG broaching.

06 08 L0 L2 14 16 18 20 Ayl L
y 0.05
0.04

0.03

0.02

0.04

T1°H

0.03

0.02 - -
/L 06 0:8 1.0 1.2 14 1.6 1.8 2.0

Figure 2. Probability of broaching on the parameter plane of modal wavelength and
significant wave height. Each subfigure corresponds to a different commanded heading value.

e 2. [hbovotnra epedviong Tov gavopévov broaching oto TOPAPETPIKS ETITESO TOV
UAKOVG KOUOTOG KOPLPAG KAl TOL GMUaVTUoD byovg kdpatos. Kabe EMUEPOVG OYTHOL
OVTIOTOYEL OE SrapopeTikh Tiun TG EMALYHEVIG YoViog Topeiag.

Tnusibvetar OTl, 6E TOAMEG TEPWTTMOOELS, 10 amoTeAfopata amd TNV avayvapion
vrepPolikdv ATZA won EXIIX vmoompifoviar kar emaAndevoviar omd TPOGOLOLDOELS
peyding KMpokag—ot tekevtoieg a&lomololbvtol exiong Yo TV avaryvdpioT avadpopK®V
ghcuoTdv. Kévovtog ypion tg TAnpoopiog ov amokThONKe KoTtd T0 6TAd10 avaAvoTS Tov
pavopévov surfriding kot broaching-to e Toyaiovg KLPATIGHOVS, T HEAETN KATOATYEL TV
OVETTOEN g KovoTtdpov Sadikaciog yio Ty TocoTikomoinon Tng mbavoTnrog EUPAVIONC
aVThOV TeV SuvnTucd emikivduvav pawopévav. To oxfua tocotikonoinong e mbavoTntag
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aflomolel duvapukd evnpepopévoug opiopotg Tmv dVo avTdv pawvopévav, ot omoiot
BacifovTal TNy KaTAoKELT] KATUAANAGY CUVOPTAGEDY CUUHETONNS. O1 6LVAPTNGELG AVTES
T0GOTIKOTOWOV Tov Babpd otov onoio £va Tufpa Abong aviikel 68 £va. GUVEKTIKO GUVOLO
TEmEPAGEVOD Xpévov Tov oyetileTon pe Ta potifa andkpiong surf-riding 1} broaching. X7o
tehevtaio pépog g SatpiBhg, Topovctdlovpe amoTEAEGHOTA CYXETIKE UE TOV VIOAOYIOUO
QUTOV TOV GUVAPTAGE®DY GUMUETOYNG KOTA UTKOG ETIAEYLEVMV MDGEDY EVOG GUGTHLLOTOG TOV
povielomotel Tig eminedeg Kivioelg evog mhoiov oe Toyaiovg acoAoVO0VVTEG KUUATIGHOVC.
T£NOC, OVOPEPOVIE OMOTEASCHOTA CYETIKG [E TNV TOAVOTNTA EUPAVIONG TOV QATVOULEVOD
broaching, émwg 0wt vIoroyileTal TV GTO TUPUUETPIKO EMIMEDO TOV UTKOVG KOUATOG
KOPLYTG KOL TOV GTHLAVTIKOD HYOVG KVHUOTOG TOV KOUATIKOV QACHOTOGC.
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«Assessment of ship dynamic stability through Lagrangian coherence»
Ioannis Kontolefas

Abstract: In this thesis, we introduce a framework for investigating dynamic instability
phenomena that may occur in ships operating in steep irregular waves. This framework relies
on Lagrangian coherence—a collection of concepts and methods aimed at identifying
solution sets that exhibit coherent behavior with respect to specific coherence principles. Our
interest in identifying such sets arises from their inherent ability to effectively capture the
essential finite-time properties of the underlying dynamical system. In the problems
considered herein, the dynamical system serves as a mathematical model that qualitatively
reproduces the motions of ships in waves. Equipped with the Lagrangian coherence toolkit,
we focus on analyzing two interrelated and potentially hazardous ship-motion phenomena—
namely, surf-riding and broaching-to. These phenomena are associated with the operation of
ships in following or stern-quartering seas and may result in significant heeling or even
capsize. At a higher level, this thesis is organized into two main parts: one focused on
Lagrangian coherence, and the other on ship dynamics as interpreted through the lens of
Lagrangian coherence and, more broadly, dynamical systems theory.

In the first part, we review methods for detecting Lagrangian coherence. These methods
generally aim to identify two types of prominent dynamic objects: Lagrangian coherent
structures (LCS) and finite-time coherent sets (FCS). Such objects typically arise in physical
flows—describing the evolution of fluid particles within a flow domain—or in abstract flows,
such as those describing the evolution of fictitious particles that trace the solutions of a
dynamical system. As regards the latter case, these fictitious particles are referred to as stafe
particles, while their ambient space—encompassing all solutions of the dynamical system—
is called the state space. In either context, LCS and FCS correspond to sets—specifically,
trajectory sets in fluid flows or solution sets in state-space flows—that delineate the evolution
of particle formations with distinguishing properties. Herein, we narrow our scope to state-
space flows—that is, we exclusively consider dynamical systems. Nevertheless, the
Lagrangian coherence framework is flow agnostic: it applies to any flow—physical or
abstract—generated by a vector field. This vector field may be available either analytically
or numerically; may correspond to models of varying fidelity; or may even be derived from
real-world measurements.

In the language of dynamical systems theory, LCS are defined as invariant surfaces—
surfaces entirely composed of solutions—that locally extremize an average measure of
Lagrangian attraction, repulsion, or shear over a finite time interval. This local extremizing
property highlights the organizing role of LCS relative to neighboring surfaces of the same
class. Meanwhile, finite-time coherent sets are invariant sets that resist dispersion and
maintain strong spatiotemporal correlation over a finite interval. We review three methods
for identifying hyperbolic LCS—further categorized as aftracting and repelling LCS—as
well as three methods for identifying FCS. Our focus is specifically on hyperbolic LCS, as
these are particularly relevant to the problems addressed in this thesis. In contrast, methods
targeting parabolic and elliptic LCS fall outside our scope. For hyperbolic LCS, we consider
the finite-time Lyapunov exponent, the finite-size Lyapunov exponent, and the variational
theory of hyperbolic LCS. For identifying FCS, we consider a probabilistic method based on
the fransfer operator (also known as the Perron-Frobenius operator) along with two
clustering-based approaches falling under the umbrella of unsupervised machine learning.
The first employs the fuzzy c-means clustering algorithm, while the second relies on spectral
clustering. Finally, the first part concludes with a brief overview of practical considerations
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relevant to the analysis of dynamical systems using Lagrangian methods for coherence
detection. Specifically, we address two key challenges: (1) the high computational demands
of the methods presented, and (2) the heavy reliance of the analysis on visual inspection of
large volumes of state-space data. To tackle these issues, we developed numerical tools in
CUDA C/C++ and leveraged CUDA/OpenGL interoperability for efficient visualization.

The second part of this thesis comprises three subparts. First, we establish a conceptual
framework for analysing ship motions, grounded in dynamical systems theory. Second, we
apply this framework—enhanced with the previously introduced Lagrangian methods—to
systems that replicate ship-in-waves motion phenomena. Third, we draw on the resulting
insights to develop a method for quantifying ship susceptibility to surf-riding and broaching
in irregular waves. The conceptual framework introduced is focused on nonautonomous
systems—those that depend explicitly on time—and leverages an appropriate dynamic
decomposition of the global pullback attractor—the invariant set that attracts all solutions
initiated in the distant past. Practically, this decomposition aims to produce a collection of
distinct, dynamically meaningful units that, in aggregate, recreate the essential dynamics of
the global pullback attractor. Depending on the properties of the underlying system, the
decomposition may have either an infinite- or finite-time scope. In the latter case, each
dynamic unit constitutes an FCS. By pairing this conceptual framework with the Lagrangian
coherence toolkit, we analyze the qualitative behaviour of solutions in the state space of
dynamical systems that model ship-in-waves motions. Access to information on solution
topology—revealed through hyperbolic LCS and FCS—enables the interpretation of surf-
riding and broaching dynamics in irregular seas through the lens of dynamical systems
theory. It is noted that, in many cases, results from hyperbolic LCS and FCS identification
are complemented and verified by large-scale direct simulations; these simulations are also
leveraged for the identification of pullback attractors. Building on insights into surf-riding
and broaching dynamics in irregular seas, the study culminates in the development of a novel
procedure for quantifying the probability associated with the occurrence of these potentially
hazardous ship-motion phenomena. The probability quantification scheme builds upon
dynamically informed definitions of surf-riding and broaching, both relying on the
construction of suitable membership functions. These functions quantify the degree to which
a finite-time solution segment belongs to an FCS associated with the surf-riding or broaching
response pattern. In the final part of this thesis, we present results on the computation of the
surf-riding and broaching membership functions evaluated along solutions of a system
modeling the planar motions of a ship in irregular stern-quartering seas. Finally, we report
results on the probability of broaching from ensembles of solutions, mapped over the
parameter plane defined by the modal wavelength and significant wave height of the wave
spectrum. Such results can be directly exploited to enhance ship design, as well as to support
route planning and operation-oriented decision-making.




